Abstract
This paper describes the theory for performing retrieval of radio occultations that use 1 probing frequencies in the XK and KM band. Normally radio occultations use 2 frequencies in the L band and GPS satellites are used as the transmitting source and the 3 occultation signals are received by a GPS receiver on board a Low Earth Orbit (LEO) 4 satellite. The technique is based on the Doppler shift imposed, by the atmosphere, on the 5 signal emitted from the GPS satellite. Two LEO satellites are assumed in the occultations 6 discussed in this paper and the retrieval is also dependent on the decrease in the signal 7 amplitude caused by atmospheric absorption. The radio wave transmitter is placed on one 8 of these satellites while the receiver is placed on the other LEO satellite. One of the 9 drawbacks of normal GPS based radio occultations is that external information is needed 10 to calculate some of the atmospheric products such as the correct water vapor content in 11 the atmosphere. These limitations can be overcome when a proper selected range of high 12 frequency waves are used to probe the atmosphere. Probing frequencies close to the 13 absorption line of water vapor have been included, thus allowing the retrieval of the water 14 vapor content. Selecting the correct probing frequencies would make it possible to 15 retrieve other information such as the content of ozone. The retrieval is performed 16 through a number of processing steps which are based on the Full Spectrum Inversion 17 (FSI) technique. The retrieval chain is therefore a wave optics based retrieval chain and it 18 is therefore possible to process measurements that include multipath. In this paper 19 simulated LEO to LEO radio occultations based on 5 different frequencies are used. The 20 5 frequencies are placed in the XK or KM frequency band. This new wave optics based 21 2 retrieval chain is used on a number of examples and the retrieved atmospheric parameters 22 are compared to the parameters from a global ECMWF analysis model. This model is 23 used in a forward propagator that simulates the electromagnetic field amplitudes and 24 phases at the receiver on board the LEO satellite. 25 26 LEO-LEO cross-links radio ooccultations using high frequencies are a relative new 27 technique and the possibilities and advantages of the technique still needs to be 28 investigated. The retrieval of this type of radio occultations is considerable more 29 complicated than standard GPS to LEO radio occultations, because the attenuation of the 30 probing radio waves is used in the retrieval and the atmospheric parameters are found 31 using a least square solver. The best algorithms and the number of probing frequencies 32 that is economical viable must also be determined. This paper intends to answer some of 33 these questions using end to end simulations. 34 3 2. Introduction 35 It is well known from the literature that GPS-LEO radio occultation sounding can lead to 36 derivation of atmospheric parameters like temperature, pressure and humidity, based on 37 the bending of the emitted signal due to variations in the refractive index, see [Benzon et 38 al., 2015] . These data are increasingly considered for numerical weather prediction and 39 climate models. Space missions such as GPS/MET, CHAMP and METOP clearly 40 indicate that temperature in large part of the atmosphere can be estimated with an 41 accuracy of 1 K. However, when it comes to determination of humidity in the atmosphere 42 based on GPS-LEO measurements, there is a need for a priori estimates of the 43 temperature. Water vapor is a major greenhouse gas and due to its large abundance, it 44 significant influences the climate. Also, due to the large energy transfers associated with 45 the phase transitions of water it impacts the short term dynamics of the atmosphere 46 considerably e.g. by stimulating the development of tropical hurricanes. Therefore, an 47 accurate knowledge of the temporal and spatial water vapor distribution is desirable. In 48 order to avoid use of external data more sophisticated satellite systems have been 49 proposed where the atmosphere is sounded through LEO-LEO cross-links 50 Kirchengast, 2002, Kursinski et al., 2002; Eriksson et al., 2003 ]. The carrier frequencies 51 used in these LEO-LEO links must be located around a water vapor absorption line to 52 enable detection of both phase and amplitude modulations caused by the atmosphere. 53 54 It is essential, for each probing frequency, to correctly retrieve the complex refraction 55 index [Schweitzer et al. 2011 ]. This paper also contains end to end simulations for LEO-56 retrievals are based on bending angle and transmission profiles calculated from geometric 58 optics while the atmospheric state variables are calculated using the iterative Best Linear 59
Unbiased Estimation (BLUE) algorithm. A discussion of important GPS radio occultation 60 and LEO-LEO cross link missions and proposals can also be found in the paper. Under 61 the assumption of spherical symmetry, a complex refractivity profile is readily computed, 62 through Abel transforms, from a profile of bending angle and a profile of transmission 63 (optical depth) measured as functions of ray impact parameter [Kursinski et al. 2002] . 64
Wave optics based retrieval techniques such as Full Spectrum Inversion (FSI), Canonical 65
Transform CT or geometric optics can be used to calculate the bending angle and 66 transmission height profiles. [Kursinski, 2002] describes how transmission profiles can be 67 computed using geometrical optics whereas [Gorbunov, 2002] suggests the use of the 68 canonical amplitude in order to establish the transmission profile. The major advantage of 69 wave optics based methods as compared to geometrical optics is that the former methods 70 can disentangle multipath [Gorbunov, 2002 , Jensen et al. 2003 and Jensen et al. 2004 . 71
This disentanglement of multipath gives a lower noise level in the retrieved parameters in 72 case of multipath. A wave optics based retrieval chain based on FSI will be used in this 73 study. 74 75 Alternatively, atmospheric parameters can also be derived from observations of the 76 variations in the absorption coefficient with frequency by using pairs of frequencies 77 (calibrations frequencies/tones) [Kursinski et al. 2002 , Nielsen et al. 2003 , Gorbunov et. 78 al. 2007 ]. In this approach atmospheric parameters are derived from a profile of real 79 5 refractivity plus measured variations in imaginary refractivity as function of frequency. 80 These variations are computed by an Abel transform, assuming spherical symmetry, of a 81 profile representing the differences between two absorption profiles computed at two 82 different frequencies. 83 84 Improved RO satellite missions with potential of determination of both temperature and 85 humidity without a priori information has been proposed, see [Høeg and Kirchengast, 86 2002] and the needed retrieval techniques have been presented [Kursinski et al., 2002 and 87 Gorbunov et. al., 2005] . In the simulation study presented here, we simulate the concept 88 of using 5 different frequencies in the XK and KM frequency band respectively. The 89 radio occultation's are performed by two LEO satellites one of them transmitting radio 90 signals at 5 different frequencies. By measuring not only the phase but also the amplitude 91 variations of the signals unambiguous retrieval of temperature, pressure and humidity 92 profiles is made possible. Key components of this new LEO-LEO retrieval chain is the 93 FSI and the trust-region solver that calculates the atmospheric parameters from the 94 complex refractivity's. A statistical analysis performed on the simulations reveals the 95 level of accuracy and precision that can be expected from the technique. 96 97 98 6
Retrieval of LEO-LEO radio occultations 99
This section presents a discussion of the wave optics based LEO-LEO retrieval chain. 100
The atmospheric propagation of the LEO-LEO signals and the data analysis is studied 101 using a sequence of simulation elements. Each element processes the output of the 102 previous element and generates the input of the following element. In all simulations the 103 refractivity field is assumed to be spherically symmetric, i.e., N( r  )=N(r). The total end 104 to end simulation chain is depicted in Figure 1 . Subsequently, this field is applied in the wave optics propagation simulations that yield 113 the electromagnetic field along the receiver orbit. These fields are used as the starting 114 point for the retrieval. The retrieval starts by calculating the bending angle and 115 transmission profiles for each of the probing frequencies using the Full Spectrum 116 profiles through Abel inversions. Finally, the profiles of atmospheric parameters are 118 retrieved through a non-linear least square fit. In the following, these different processing 119 steps are described. 120 121
Retrieval of bending angle and transmission based on FSI 122
Our retrieval scheme is based on the Full Spectrum Inversion (FSI) method [Jensen et al. 123 2003 ]. The FSI technique applies a Fourier transform and uses the derivative of the phase 124 after this transformation. Time and instantaneous frequency are the output from FSI -125 also in case of multipath, where there will be more Doppler frequencies at a given time. 126
The Fourier amplitudes describe the distribution of energy with respect to impact 127 parameter only modulated by signal spreading and absorption, i.e., defocusing is 128 automatically accounted for. 129 130 When using Full Spectrum Inversion to invert radio occultation data, a distinction 131 between ideal occultations and realistic occultations must be made. Ideal occultations are 132 defined as occultations with a spherical Earth and perfect circular orbits lying in the same 133 plane. On the other hand, realistic occultations are defined as occultations with an oblate 134
Earth and approximately circular orbits lying in two different planes. In the former case, a 135 global Fourier transform can be applied directly to the measured signal; and pairs of ray 136 arrival time, t 0 , and ray Doppler angular frequency,  0 , is related through: where I is the intensity of the signal in the absence of spreading and defocusing, I m is the 156 intensity the signal would have had without absorption, spreading and defocusing, and A 157 and A m are the corresponding amplitudes. The Fourier amplitude is related to the 158 occultation geometry through 159
162 [Jensen et al. 2003 ]. Here P is the transmitter power, r G and r L are the distances from the 163 center of curvature to the transmitter and receiver, respectively, and θ is the angle 164 between these. This expression is valid in general for a 3-D geometry with circular orbits. 165
For non-circular orbits, additional terms are introduced in (3) as demonstrated in 166 [Gorbunov and Lauritsen, 2004] . Since the simulated electromagnetic field is two-167 dimensional, spreading corrections are only performed for spreading within the 168 occultation plane. Without transverse effects a factor of )) sin( /(
disappear from 169
(3). In this case the Fourier amplitude becomes 170
where the transmitter power P is assumed constant throughout the occultation. From the 174 discussion, it follows that a profile of transmission multiplied by the transmitted power is 175 readily computed through (2) and (4). The transmitted power in the direction of the 176 receiving satellite may not be known with a high accuracy, however, as long as the 177 transmitted power is constant this will not affect the inversion; this will be shown in the 178 following section. 
Retrieval of complex refractivity 196
Given profiles of bending angle and transmission as function of impact parameter the 197 complex refractivity is derived. The real part of the refractivity is derived from the 198 bending angle profile using the standard Abel inversion as described in e.g. [Fjeldbo, 199 1971] . Here focus will be on retrieval of the imaginary part of the refractivity, which is 200 directly related to the absorption. The imaginary refractivity is given by 201
where k is the free space wave number, n   is the imaginary part of the refractive index 205 and α is the absorption coefficient per unit distance in the medium [Born and Wolf, 1999] . 206
The absorption coefficient is calculated using an inverse Abel integral of the signal 207 transmission [Kursinski et al., 2002] , 208
where r is the ray path perigee distance to the curvature center, a is the impact parameter 212 and ξ is the transmission defined above. From the equation it follows that the 213 transmission enters the Abel integral as the derivative of the logarithm of the transmission. 214
The transmission may, therefore be scaled with any arbitrary constant without affecting 215 the results of the Abel integral. This explains why it is not a problem for the inversion 216 that the transmission derived from FSI is scaled by the unknown transmitted power. The 217 reason for this is that the signal absorption is related to the relative variations in the signal 218 intensity and not the absolute variations. Consequently, there will be no need for 219 calibration of the measured amplitudes, as the observations will not be affected by long-220 term drifts in the instrument, which makes the technique very suitable for climate 221 monitoring. 222
223
Given the retrieved profiles of both real and imaginary refractivity for the 5 frequencies, 225 and assuming hydrostatic balance, a solution for dry pressure, temperature and water 226 vapor pressure can be found. The 5 real refractivity profiles only constitute one piece of 227 independent information as the atmosphere is virtually non-dispersive for the frequency 228 ranges under consideration. Consequently, the system contains 7 pieces of independent 229 information and three unknowns. A least square (LS) fitting method is employed for this 230 over-determined problem. It is worth to notice that if the signals had also been subject to 231 absorption caused by liquid water, e.g. rain, then the system would have contained an 232 additional unknown parameter, liquid water. However, there will also in this case be a 233 slight redundancy in the number of equations. 234
235
In order to exploit the information given by the hydrostatic equation in a simple manner, 236 the inversion is started at the topmost layer corresponding to the largest altitudes where 237 reliable observations can be achieved. Boundary conditions for the "unknown" 238 parameters p, T and e are specified at this level. In the current simulations the "true" 239 atmospheric parameters are used as the upper boundary conditions. These parameters are 240 then used to calculate an initial guess for the solution at the next level below. The initial 241 guess is adjusted through minimization of a set of appropriate functions by the LS 242 algorithm. The functions to be minimized reflect the information contained in the derived 243 refractivity's and the hydrostatic balance assumption. The function representing the 244 hydrostatic balance constraint is implemented using 245 it is expected that the 23 GHz (and higher) signal may be completely attenuated due to 282 high concentrations of water vapor -this will especially be the situation in the tropics. In 283 the upper troposphere, the concentration of water vapor is expected to be so low that the 284 15 absorption of the signal may not contain any useful information. This may also be the 285 case for the other frequencies in the system when the atmosphere is very dry (for instance 286 in the stratosphere), in these cases it will not be possible to retrieve the concentration of 287 water vapor. 288 of 800 km and two counter rotating receiver LEO satellites at a height of 600 km was 302 used to simulate the radio occultations. All of the satellites are assumed to follow a sun 303 synchronous orbit. The atmosphere model used in the simulations was extracted from a 304 global ECMWF analysis for a specific northern hemisphere summer day. In order to 305 simulate the effect of atmospheric turbulence noise is added to the forward modeled 306 excess phase and amplitude. This noise is generated following the principles found in 307 . Noise simulating the observation system errors was 308 also superimposed on the simulated radio occultations. The simulated error sources 309 include thermal noise, drift errors and precise orbit errors. Ionospheric scintillations are 310 not included in the simulations because the corresponding noise level will be very low 311 due to the high probing frequencies. The atmospheric model used in the forward 312 simulations will for simplicity in the following be called the GRAZ atmosphere model. 313
XK and KM frequency range radio occultations
More details on the forward simulations can be found in [Schweitzer et al. 2011 The results of the solver are presented in Figure 2 The specific humidity is again determined as expected with the lowest precision, but it is 487 still relative precise as long as all of the frequencies are present. The height at which the 488 radio wave is absorbed in the atmosphere increase with increasing probing frequency 489 leading to lower precision in the retrieved parameters. 490
In the current version of the retrieval chain extrapolated values are used when there are 507 no imaginary refractivity values. The imaginary refractivity corresponding to the high 508 frequencies in the KM range stops at a higher altitude than the values in the XK range. 509 This is the reason for the higher error level seen for probing frequencies in the KM range. 510
This issue can be solved using an extension of the imaginary refractivity (for these high 511 frequency probing radio waves) to lower altitudes. This extension can be based on 512 models in the same way bending angles are extended (due to a high noise level) at high 513 altitudes using statistical optimization in GPS-LEO radio occultations. Work on this 514 approach has been initiated. 515 516 It is seen that the bias and standard error of the difference all fall within an acceptable 517 error level. The presented simulations and retrievals of LEO-LEO cross links radio 518 occultations using high frequency probing radio waves have shown that this technique 519 can be used even in challenging conditions to retrieval valuable information on important 520 atmospheric parameters such as the atmospheric content of water vapor. Information that 521 can not directly be extracted from standard GPS-LEO radio occulations. The presented 522 retrieval chain is not a final operational chain and a number of things can be improved so 523 errors presented here is higher than what can be accomplished. The technique discussed 524 can also be used to retrieve other parameters such as the content of ozone. This is 525 accomplished by adding additional probing frequencies. 526 35
Conclusion

527
We have in this study presented a wave optics based LEO-LEO retrieval chain. The new 528 LEO-LEO radio occultation processing chain has been used on radio occultation 529 simulations provided by the University of Graz. These radio occultations use 5 different 530 XK or KM probing frequencies. Both radio occultations in clear air and in a turbulent 531 cloudy atmosphere for frequencies in the XK and KM frequency range have been studied. 532
The retrieval results were compared to the atmospheric parameters that are used to 533 generate the inputs to the wave optics propagator. The error levels are as expected higher 534 in the turbulent cloudy atmosphere compared to the error level in the clear air atmosphere. 535
Based on these comparisons it can be concluded that the wave optics based retrieval 536 chain gives good results for both XK and KM frequencies and the feasibility of the 537 measurement concept has been shown. The results are in general a little better in the XK 538 frequency range compared to the KM frequency. The reason for this is that the probing 539 KM frequency waves stop at higher heights than the XK frequency waves. This cause a 540 decrease in the precision of the solver results at low heights in the KM frequency based 541 system of equations. The plots presenting the bias and standard deviation of the 542 difference errors show an increase in the error level when the heights are decreasing. The 543 reason for this is that there is no measurements at low altitudes and the complex 544 refractivity values are therefore found from an extrapolation of the curves. This will in 545 many cases lead to an error in the retrieved parameters at low altitudes and hence an 546 increase in the error level. A method to overcome this has been mentioned in the paper. 547
The results of the simulations in this study show that it is possible to retrieve atmospheric 548 36 parameters such as water vapor with out external information using a microwave LEO-549 LEO radio occultations technique. Future satellite missions could use this technique to 550 measure these parameters which in general are considered to be a challenge to measure. 
